Current paper tries to find appropriate similarity transformation that could convert a given ME (Matrix Exponential) representation to a more favorable PH (Phase-type) representation. As the main result of this paper, we give necessary conditions for the existence of such a representation. We also give methods for the search and provide conjectures on necessary and sufficient conditions too. PH distribution is the distribution of the time until absorption into the absorbent state in a Markov chain. If the arrival and service time distributions are PH distributions in a queuing system, we can use simple linear algebraic methods to derive the most important features or to perform simulation. Robust methods exist that can approximate any distribution with a ME distribution (with respect to a given measure and matrix order), but the PH transformation have not been sufficiently examined yet. This transformation is the object of the current presentation.
Introduction
If we want to model telecommunication networks, where the global behavior is very complex, first we should look for flexible and tractable mathematical tools. It is crucial in the network dimensioning, in the design of routing protocols, and during the operation too. A queue is usually defined by the distribution of the differences between consecutive arrival times of the resources, and by the distribution of the serving time differences (see the formalism of Kendall). The simplest resource flows follow a memoryless Poisson process, where the time distributions between the consecutive arrivals are exponentially distributed.
In this case the behavior of the queues can be characterized by the help of algebraic methods. This process allows us to use the methods of the Markov chains. We can derive the most important parameters (loss, distribution of the delay, etc.) of the system directly by solving linear equations without any simulation or statistical measurements. It can be shown how this advantageous property survives if the arrival/service processes follow the so called PH or ME processes (see [2] for PH Renewal Process, Markov Arrival Process (MAP), Matrix Exponential Arrival Process (MEP) and Quasi Birth Death Process (QBD)). As we will see, the set of ME distributions includes the set of PH distributions. The difference is that PH distributions have an expressive stochastic interpretation based on Markovchains unlike ME distributions. However, the major part of the formulas used in the PH world is applicable in the class of ME distributions too. An important exception is e.g. the so called randomization, which gives already a practical reason for studying PH representations.
PH and ME distributions have been studied for a long time. Some important or classic results can be found here: [14] [15] . . . . The class of PH distributions is dense and hence any distribution on [0, ∞] can be approximated arbitrarily close by a PH distribution. Some main studies of this approximation problem are Bux & Herzog [8] , Lazowska & Addison [9] and Thummler & Buchholz & Telek [10] .
Bux and Herzog have implemented a non-linear estimation approach based on the matching of the first two moments coupled with the minimization of a distance measure with respect of the empirical distribution. Lazowska and Addison [9] provide a technique for determining a method that matches the mean and an arbitrary number of percentiles of an arbitrary distribution. Thummler, Buchholz and Telek [10] provide an efficient and numerically stable fitting method that fits a restricted class of phase-type distributions, namely mixtures of Erlang distributions, to trace data. The ME class has been proposed in [11] . The ME class includes the PH class while preserving the most of its useful properties.
A robust methods exist that can approximate any distribution with a ME distribution with respect to a given number of moments [3] , but methods transforming ME representations to PH representations have not been sufficiently studied yet. This step is the object of the current paper. Since PH ⊂ ME the existence of such a transformation is not guaranteed. As the main result of this paper, we give necessary conditions for the existence of such a representation. Stefanita Mocanu also gave a spectral condition for PH representations [12] , but the strengths have not been compared yet. The major part of the current paper focuses on the so called relaxed problem, where we ignore the initial probability vector and examine only the form of the generator matrix.
In Section 2 we discuss the basic concepts and properties of ME and PH distributions. It does not contain any new results.
In Section 3 we derive the the main result of this paper: Theorem 3.5. It provides n −1 necessary constraints for the existence of PH representations. The constraints include only the spectral invariants of the initial representation. We do not know whether these conditions are sufficient. Theorem 3.6 is a modified version regarding to the so called phase process. This condition implicitly includes the initial vector so we take an analytic step forward to the complete (non-relaxed) PH-fitting problem too. The efficiency of the theorems is pointed out in the last sections.
In Section 4 we introduce the well known cyclic matrices. As we will show, these matrices play an important role in the PH world but they have not been examined yet in this context. These matrices have some advantageous properties beside serious drawbacks. In Theorem 4.3 we show that it is easy to find a cyclic form for a given spectrum and we point out that in the case of cyclic matrices the sufficient constraints for the existence of PH representations get simpler. The number of constraints of the relaxed problem reduced from n 2 to n − 1. These properties inspired some conjectures on these matrices. The conjectures gave clear necessary and sufficient conditions for the relaxed problem. On the other side, cyclic matrices can not be diagonalized by a valid similarity transformation and can generate only simple exponential distributions. However, small perturbations can solve these problems. It is also an open problem at the moment, whether the n − 1 sufficient conditions for cyclic representations and the n − 1 necessary conditions for general representations in the previous section are equivalent.
In Section 5 we propose two straightforward and useful measures for gradient algorithms which work on the space of the matrix entries. Theorem 5.2 allows us to improve the 'goodness' of representation using gradient methods with a differentiable error measure. Theorem 5.3 can be used in general, for the correction of non-valid transformation matrices. Theorem 5.4 states that cyclic matrices fulfil the necessary conditions of a local maximum. So this result also supports our conjectures.
In Section 6 case studies will demonstrate the efficiency of our spectral conditions.
Basic properties
PH distribution is the distribution of the time until absorption into the absorbent state in a continuous time Markov chain (we focus on continuous Phase Type Distribution in this paper).
The row of the absorbent state is redundant in the generator matrix, since in this state there is no escape to other states. The intensities of these transitions are zero. The column of the absorbent state is also redundant, since the rowsums are zero in the generator matrix (in the continuous case). The 'transient generator matrix' (A) of a PH distribution is the generator matrix of the Markov chain without the corresponding row and column of the absorbent state. The order (n) of a PH distribution is the size of A. In the followings we use the term 'initial probability vector' (π) without the corresponding probability of the absorbent state, since this value is also redundant.
The probability density function and the cumulative distribution function of the absorption time is the following:
At a, (2.1)
where 1I is the column vector of ones and a = −A1I is the column vector of the absorbent transition intensities. If n → ∞ then any distributions can be approximated by PH distributions with arbitrary accuracy, but some properties of the PH distributions always survive:
• the domain of PH distributions is infinite:
• that is why the variance can not reach zero: σ ≥ 1 n > 0 Now we summarize the constraints over the (A, π ) representation: ∀i, j, i j :
The constraints over A imply that the diagonal entries are negative. These inequalities simply come from the representation of the Markov chains. Roughly speaking, these constraints make the difference between PH and ME distributions. ME distribution is a time distribution that can be expressed by Eq. 2.2 (and by Eq. 2.1) where there are no constraints over the (A, π) representation. The only constraint is the next:
is a probability density function. These conditions hold automatically in the case of PH distributions, P H ⊂ M E. We will use terms 'valid transient generator matrix' and 'valid initial probability vector' in the case of ME representations, if the appropriate PH constraints hold for A or π. If both of them are valid then we have a PH representation. If we demand the validity of A only and neglect the form of π, we call it 'relaxed problem'. Definition 2.1 Two ME representations -ME(π, A) and ME(π , A ) -are similar , if there exists such an invertible B transformation matrix that
B is a similarity transformation over the representation. If Eq. (2.4) holds for B (the sum of all rows are one), we say B is 'valid'. The set of valid transformations is a group.
Theorem 2.1 If two ME representations -ME(π, A) and ME(π , A ) -are similar, then they generate the same ME distribution.
Theorem 2.2 If two ME representations of the same ME distribution have minimal order, then the representations are similar.
Now we can define the subject of this article more formally: Given the initial ME representation we search for a similar PH representation (valid ME representation).
It is clear that for every ME representation there is a dominant λ max eigenvalue that is real, and it has the highest real part. It means that the determinant of −A is positive. If the dominant eigenvalue would not exist, the sign of the density function would alternate. If this value were not negative then F(t) would not converge to 1. The uniqueness of the dominant eigenvalue does not hold in general (e.g. if A = −I ).
The residual polynomial
In this section we prove the main theorem of the current paper. Theorem 3.5 is a very efficient tool for proving the non-existence of any valid representation. At first we derive an inequality over the coefficients of the characteristic polynomial and the so called diagonal polynomial defined below. Then we apply this inequality to the maximal diagonal polynomial too, which is representation independent unlike an arbitrary diagonal polynomial, so we get a stronger and representation independent statement: Theorem 3.5.
Lemma 3.1 [19] (page 59.) If A is valid, then A −1 consists of only non positive entries.
where • denotes the element wise matrix product.
Lemma 3.2 If
A is valid, then the product of the positive diagonal entries of −A is greater or equal than the product of the positive eigenvalues (the determinant) of −A:
if A is valid. We also know that −A i j ≤ 0 if i j. So if we increase the non diagonal, negative entries of −A, then the determinant of the resulted matrix will not decrease. Moreover, the result is also the additive inverse of a valid transient generator matrix, so the properties above survive. It means that while we increase all the non diagonal (negative) entries of −A up to zero, the determinant will not decrease. If all the non diagonal entries reach zero, the determinant will be the product of the remaining diagonal entries which is the 0-th coefficient of the diagonal polynomial.
Lemma 3.3 If A is a valid transient generator matrix of order
We get the value of P i if we get all the combinations of (n − i) pieces of diagonal entries from the [−A] matrix, calculate the determinant of the corresponding submatrices separately and finally sum these values. (It means n n−i submatrices.) We can apply the previous lemma on these submatrices and we can give an upper bound for the determinant of these submatrices by the product of the appropriate diagonal entries. The sum of these upper bounds is D i .
Some coefficients of R(λ) have no information content. It is easy to see that R n = R n−1 = 0.
We have to emphasize that the D(λ) diagonal polynomial is representation-dependent. We can achieve arbitrary diagonal patterns using appropriate similarity transformations, but there is one constraint. The sum of the diagonal entries is independent from the representation.
Let us denote the ith diagonal entry of A by d i : d i = A ii and the average of the negative diagonal entries of A byd. 
We can always find such a pair, if the roots are not equal. Let us separate these roots from the polynomial:
Since all the roots of D(d) are negative, the coefficients of
Let us change the value of the root pair as follows:
It can be achieved by an appropriate similarity transformation. In this case the sum of the altered roots remains the same but the product increases: 
is also independent from the representation. Now we can rewrite lemma 3.3 to a representationindependent form without loss of generality:
does not hold then there is no valid representation.
Proof 3.4 For any representation we can write ∀i : R min i ≤ R i using the previous lemma. If there is a valid representation, we can write ∀i : R i ≤ 0 using lemma 3.3. So in this case we can also write: ∀i :
This theorem gives us n − 1 inequalities. We do not believe that this necessary condition is sufficient too, but we have not found any counterexamples yet.
We can also derive the so called phase process if we initiate the Markov chain every time we reach the absorbent state. (Phase processes occur e.g. at Quasi Birth-Death (QBD) Processes.) It is easy to see that the generator matrix of the phase process is the next: G = A + aπ.
Since G have to be valid, we can repeat the procedure discussed above. We can also define the minimal residual polynomial for G: R G min , and we can rewrite theorem 3.5 for the phase process too:
In this paper we examine only the relaxed problem except the last theorem, where π took part implicitly. An other exception occurs in Section 5, where the gradient methods use functions of the complete ME representations.
Finally we invoke an old result from Stefanita Mocanu [12] who also gives a spectral condition for a PH representation:
If there is such a complex conjugate pair of eigenvectors -λ m r ± λ m i i -, that fulfils:
then there is no similar valid transient generator matrix.
This theorem gives only one inequality unlike Theorem 3.5, but we have not performed a complete comparison yet.
Cyclic matrices
In this section we introduce the cyclic matrices because these matrices play an important role in the world of valid transient generator matrices. Each row of the left modal matrix is a left eigenvector of the corresponding eigenvalue in the diagonal form, so if we multiply these rows separately by arbitrary constants, the resulted matrix remains also a left modal matrix. This degree of freedom allows us to ensure the validity of the left modal matrix in general. Unfortunately all the rowsums of U (left modal matrix) are zero except the first one, which is n, so we can not diagonalize cyclic matrices with valid similarity transformations. It is not good since the ordered diagonal form could be the intermediate step between the cyclic and the initial representations 1 . Moreover, it can be shown easily that cyclic matrices can generate only geometric distributions. Using Theorem 2.1 in this case, we also get that there is no valid transformation between general PH representations and cyclic forms. By all means, small perturbations can eliminate the zero rowsums of the left modal matrix. This elimination process has not been examined yet. In the next theorem we show that it is easy to find a realvalued cyclic form for a given spectrum. We just have to order the λ eigenvalues properly. 1 here we have to remind the reader, that the set of valid transformations is a group 
The other direction is straightforward.
We know that c 1 is the average of the eigenvalues because c = λŪ n . So the diagonal entries are negative. Moreover, the sum of any row in the cyclic form is λ 1 because λ = cU , which is also negative. Only the positiveness of the non-diagonal entries is not trivial. As we see the number of constraints of the relaxed problem reduced from n 2 to n − 1 in the case of cyclic matrices. Since the number of appropriate orderings is huge, we can vary them to find a valid cyclic form. Usually there are more than two real-valued eigenvalues in the initial form of A unlike in cyclic matrices. In this case we can divide the eigenvalues into more groups and construct cyclic blocks separately. This statement could be a necessary and sufficient condition for the existence of a valid similar transient generator matrix. We do not know any counter-example till now. Unfortunately the number of real-valued block-cyclic representations is huge but finite and we think, there could be efficient algorithms or at least good heuristics to find valid ones. This question have not been sufficiently examined yet.
Finally we have to mention that the 'best' diagonal polynomial in the previous section came from a setup where diagonal entries were equal. It remains us to the cyclic matrices. Moreover, the number of validity constraints of Theorem 3.5 is exactly the same as in the case of cyclic forms. However, in the first case constraints are necessary conditions whilst in the second case these are sufficient ones. If the constraints were equivalent, we would find the final answer to the relaxed problem by providing a necessary and sufficient condition.
The next section also contains a conjecture regarding to such cyclic matrices, where there is at most two real-valued eigenvalues. It will also say that cyclic forms are the 'best' but uses a bit different terminology.
Algorithms, goodness and error functions
If a ME distribution satisfies all the known necessary conditions above for the existence of a similar PH representation, we should try to find such a representation. In the followings we will use valid infinitesimal transformations iteratively using the gradient of different goodness/error functions and choose step sizes adaptively.
Definition 5.1 B is a valid infinitesimal transformation if B = I + β where β1I = 0 and the entries are so small that β 2 is negligible according to β. That is why B −1 = I − β.
Definition 5.2 Adaptive step size (regarding to any gradient method): The gradient is β in the transformation space. The transformation can be written so: B = I + pβ, where p is the adaptive step size. If the last step have just taken and the previous step size was p then the current value is p = 1.2 p . We transform the matrix using this p and derive the value of the goodness or error function and compare it with the original one. If the value gets better, we take the step and calculate the new gradient. Otherwise we halve p until the value gets better or at least remains the same then we also take the step.
First of all we have to introduce the indicator matrix and the indicator vector.
The role of indicators is obvious. The corresponding (π, A) pair is valid if and only if all entries of the indicators are non negative. We have to emphasize that the diagonal entries of the indicator matrix are the rowsums of −A. We will define the goodness/error functions with the help of the indicators.
Definition 5.4
The R goodness functions:
, where c R ≥ 0 Definition 5.5 The E error functions: The R goodness functions are quite informative from the viewpoint of the PH representations unlike the E function, but R is not differentiable everywhere. That is why we use the E function in the gradient method. The next theorem allows us to enhance the value of R by using the gradients of E.
values are the goodness and error functions of two ME representations, then
Theorem can be proved easily if we take the limit of the expression above. This means that if we want to minimize E(c), we get similar results as if we would maximize R, if c is high enough.
We do not describe our algorithm in details because we could test it only on small problem instances where n ≤ 3 (see the case studies below for details). The main idea is that we use grad E at first with small c, d values. The minimum is unique if c and d is small enough because in this case we can substitute the Taylor expansion of E with a positive definite quadratic expression. So we can reach this unique minimum from any similar representation. Then we increase the c, d values slowly while we perform some iteration steps until numerical difficulties arise: E diverges fast if R is negative. MATLAB sources are available here: [6] .
Sometimes it is easier to calculate the gradient in the complete space of the infinitesimal transformations and then we derive the closest valid one. In this case the next theorem could be useful. It can be applied not only to infinitesimal transformations but to general ones too. Proof 5.1 We show only the second case. At first we have to express the partial derivatives of the expression what we minimalize/maximalize in the space of valid transformations. I used the set of valid infinitesimal transformations which differ from the identity matrix only in one non-diagonal entry while validity is ensured by a diagonal correction. In this case
Now we have to merge these Eqs. into a matrix-equation as follows:
where diag() gives back a column-vector including the appropriate diagonal entries of the argument. Let us multiply the equation with 1I on the right.
so we san write
If we substitute it into the first matrix-equation, we get back the statement of the theorem.
Now we mention an other aspect of the cyclic matrices. 
Case studies
We will show the power of our theorems and methods on real data sets [5] .
BC trace
The BellCore dataset (available at [5] ) is a traffic data of a LAN Ethernet network recorded 1989 in the Bellcore Research Center in Morristown. The dataset was first analyzed at this reference: [1] .
The empirical moments are the next: 2n − 1 moments can determine the corresponding ME function with order n, so maximal order is 8.
Now we fit ME functions where n = 1, 2, 3, . . . , 8 with the method of Appie [3] .
If n = 8 or n = 7, there is no such an ME function that has the same moments as above according to Appie's method. Otherwise this method gives the next representations. 
Unfortunately if n = 5 then the ME function is not an ME distribution because lim t→∞ f (t) = −∞ (there is a positive eigenvalue) even though the moments formally fit. In the other cases the ME functions are distributions. If n = 6 then PH representation is impossible if we apply theorem 3. If n = 4, 5, 6 then PH representations are also impossible if we apply theorem 3.6, since the R G min polynomials have positive coefficients.
After running our algorithm if n = 1, 2, 3, we get PH representations only in cases n = 1, 2: To get this result, we increased c and d very slowly to avoid the extreme error values and the numerical instabilities. The result appeared at c ≈ 6000, d ≈ 8000.
DEC trace
DEC is an other traffic dataset (available here: [5] If n = 8, there is no such an ME function that has the same moments as above according to Appie's method. If n = 7, 6, 5, 4 then the ME functions are not ME distributions. In other cases the method of Appie provides the next ME representations: 
.).
After running our algorithm if n = 1, 2, 3, we get PH representations only in cases n = 1, 2: The method is the same as above but the parameters were a lot higher when the PH representation appeared: c ≈ 26000, d ≈ 33000.
